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The idea of  natural prices is one of  the oldest and most important concepts 
in political economy. Natural prices were used by the Physiocrats but only got 
fully constructed by the classical political economists and Marx. In more recent 
times, they were further developed by Piero Sraffa and several political econ-
omists inspired by his work. Modern Classical Economics and Reality by Theodore 
0DULROLVDQG/HIWHULV7VRXOÀGLVFRQVWLWXWHDQ LPSRUWDQWFRQWULEXWLRQZLWKLQ
the latter tradition.
All these authors think of  natural prices as the center of  gravity around 
which market prices, or prices observable in the economy, gravitate as the result 
of  forces of  competition between commodity producers. However, its use has 
served different purposes throughout the history of  economic thought.
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For classical political economy, natural prices is an essential element in the 
explanation of  how capitalist societies determine their division of  labor. To explain 
this phenomenon, political economists developed the long-period method, i.e. 
a set of  abstractions to explain the self-organizing character of  decentralized 
societies that meet their needs by producing for exchange (Foley, 2013 and 2016). 
These abstractions are composed of  a commodity-producing society with free 
mobility of  capital and labor across lines of  production. Within this framework, 
WKHFDSLWDOLVWV·VHDUFKIRUWKHKLJKHVWSURÀWLQFRPHVSHUDPRXQWRI FDSLWDODG-
vanced generates a competitive process that produces a series of  linked emer-
gent outcomes: a capital distribution across industries, a set of  natural prices 
DQGDQDYHUDJHSURÀWUDWHDULVLQJIURPWKHHTXDOL]DWLRQRI LQGLYLGXDOSURÀWUDWHV
7KHHPHUJHQFHRI DQDYHUDJHSURÀWUDWHLPSOLHVWKDWSURÀWVWHQGWREHHDUQHG
in proportion to the amount of  capital advanced, independently of  how the 
composition of  this capital is divided between labor and means of  production 
outlays. The resulting distribution of  capital across industries together with the 
DYHUDJH ODERU UHTXLUHPHQWVSHUFDSLWDO LQHDFK LQGXVWU\GHWHUPLQHVVRFLHW\·V
GLYLVLRQRI ODERU7KHVHQDWXUDOSULFHVZKLFKDOORZWKHHTXDOL]DWLRQRI SURÀW
rates across industries, are called prices of  production. Differences between 
PDUNHWDQGSURGXFWLRQSULFHVJHQHUDWHSURÀWUDWHGLIIHUHQWLDOVDPRQJLQGXVWULHV
that produce capital mobility (and therefore changes in the division of  labor) 
in a direction that tends to reduce these discrepancies.
Marx uses prices of  production when introducing competition between cap-
itals to his labor theory of  value and surplus value. One of  his major concerns 
LVWRVKRZWKDWLQGXVWULHV·SURÀWVZKLFKUHVXOWIURPWKHSURÀWUDWHHTXDOL]DWLRQ
process, are redistributions of  the pool of  surplus value generated in the whole 
HFRQRP\ VR WKDW WKHDJJUHJDWHSURÀWVDUHHTXDO WRDJJUHJDWH VXUSOXVYDOXH
(Foley, 2013 and 2016).
With a different agenda in mind, Sraffa (1960) proposes a model in which 
SULFHVRI SURGXFWLRQDQGWKHSURÀWUDWHDUHVLPXOWDQHRXVO\GHWHUPLQHGXQGHU
given methods of  production (the combination of  means of  production and labor 
in each industry) and income distribution (the functional distribution between 
ZDJHVDQGSURÀWV7KHVWDQGDUGUHSUHVHQWDWLRQRI WKLVPRGHOFRQVLGHUVWKH
IROORZLQJSULFHDQGTXDQWLW\V\VWHPZLWKVLQJOHSURGXFW LQGXVWULHV QR MRLQW
SURGXFWLRQ FLUFXODWLQJ FDSLWDO QRÀ[HG FDSLWDO KRPRJHQHRXV ODERU DQG
XQLIRUPZDJHDQGSURÀWUDWHV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p(r) = (1 + r)p(r)A + wl [1]
x = Ax + y [2]
where scalars r and wDUHWKHSURÀWDQGZDJHUDWHVp(r) and l are the 1un price 
RI SURGXFWLRQDQGODERUFRHIÀFLHQWTXDQWLW\RI ODERUSHUXQLWRI RXWSXWYHF-
tors, x and y are nu1 gross and net output vectors, and the nun matrix A = 
{aij}LVWKHLQSXWFRHIÀFLHQWPDWUL[FRQWDLQLQJWKHTXDQWLW\RI WKHi-th means of  
production needed to produce one unit of  the j-th commodity. The collection 
of  the methods of  productions of  all industries (l,A) constitutes a particular 
WHFKQLTXHIRUWKHHFRQRPLFV\VWHP
In this model, the means of  production are themselves commodities pro-
duced within the economic system in consideration. Being heterogeneous 
in nature, if  we were to aggregate any set of  commodities, we would have to 
aggregate them in value terms, according to their prices of  production, which in 
WXUQGHSHQGVRQWKHUDWHRI SURÀW)RULQVWDQFHWKHFDSLWDOXVHGSHUXQLWRI 
output in the j-th industry is Nj i iji
nr                  r a( ) ( )
 ¦ 1 p . Therefore, the amount of  
capital depends on prices and income distribution and any attempt to use the 
amount of  capital to determine income distribution is circular reasoning. This 
result constitutes a criticism to the logic of  the neoclassical theory of  income 
distribution, which calls for a measure of  capital independent of  distribution 
in order to determine labor and capital factor prices (r,w) as indexes of  their 
relative scarcity.
One important implication of  Sraffa’s model is that, under the considered 
VHWRI DVVXPSWLRQVSULFHVRI SURGXFWLRQWKHSURÀWUDWHDQGLQJHQHUDOWKHYDOXH
of  any commodity aggregate could have a considerable nonlinear behavior as 
LQFRPHGLVWULEXWLRQFKDQJHVHYHQLI WKHWHFKQLTXHRI WKHV\VWHP(l,A) remains 
unchanged. For instance, the value of  j-th industry’s capital Nj(r) could increase 
and then decrease (or the other way around) as the value of  the wage rate (and 
WKHUHIRUHRI WKHSURÀWUDWHUHGXFHVIURPLWVPD[LPXPXSWR]HUR7KLVW\SH
of  behavior poses additional problems to the neoclassical construction of  (mac-
roeconomic) production functions and to its theory of  income distribution. To 
VHHWKLVFRQVLGHUWKHSURÀWUDWHDQGQRWWKHZDJHUDWHDVWKHJLYHQGLVWULEXWLYH
variable. If  we take the value of  the gross output as the numéraire of  the system 
(px = 1)WKHQZHFDQVROYHHTXDWLRQ>@IRUSULFHVRI SURGXFWLRQDQGWKHZDJH
rate as:
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p(r) = wv[I – rH]–1 [3]
w r
r
( )
[ ]
=
− −
1
1v I H x
[4]
where v = l[I – A]–1 is the vector of  total labor time and H = A(I – A)–1 is the 
PDWUL[RI YHUWLFDOO\LQWHJUDWHGLQSXWFRHIÀFLHQWVZKLFKJLYHVWKHWRWDODPRXQW
of  iWKPHDQVRI SURGXFWLRQUHTXLUHGWRSURGXFHRQHXQLWRI WKH j-th commod-
LW\(TXDWLRQV>@DQG>@UHSUHVHQWWKHSULFHDQGZDJHSURÀWFXUYHVUHVSHFWLYHO\ 
(TXDWLRQV>@DQG>@FRXOGKDYHDFRQVLGHUDEOHQRQOLQHDUEHKDYLRURUFXU-
YDWXUHVLQWKHIDFHRI FKDQJHVLQWKHSURÀWUDWH(DFKWHFKQLTXH(l,A) gives a 
SDUWLFXODUZDJHSURÀWFXUYH+HQFHWKHRUHWLFDOO\LWLVSRVVLEOHIRUWKHFXUYDWXUHV
RI WKHZDJHSURÀWIXQFWLRQVIURPGLIIHUHQWWHFKQLTXHVWRKDYHPXOWLSOHLQWHU-
VHFWLRQVDPRQJWKHPLPSO\LQJWKDWRQHRUPRUHWHFKQLTXHVEHVHOHFWHGIURP
GLIIHUHQWVHJPHQWVRI WKHSURÀWUDWHUDQJHLI WKHFKRLFHRI WHFKQLTXHLVEDVHG
RQWKHKLJKHVWZDJHUDWHIRUDJLYHQSURÀWUDWH7KLVSRVVLELOLW\FRXOGJHQHUDWH
phenomena like re-switching and reverse capital deepening, which pose addi-
tional problems for the construction of  production function with neoclassical 
IHDWXUHVRI LQFRPHGLVWULEXWLRQOLNHWKHDGRSWLRQRI WHFKQLTXHVPRUHLQWHQVLYH
in means of  production relative to labor under an increasing r/w ratio).1
Finally, another implication of  the possible behavior of  prices of  production 
in [3] concerns the relationship between prices and the total amount of  labor 
embodied in commodities v. This relationship constitutes an important element 
of  the so-called debate on the transformation problem.2 Prices proportional to 
the vector of  total labor time vFDQEHGHULYHGXVLQJHTXDWLRQ>@HYDOXDWHGDW
r = 0: p(0) = wv(TXDWLRQ>@LPSOLHVWKDWIRUDSRVLWLYHUDWHRI SURÀWSULFHV
of  production, and therefore market prices, could be considerably different 
from direct prices vd (prices proportional to total labor time v and where the 
VXPRI WRWDOODERUWLPHLVHTXDOWRWKHVXPRI WRWDOSULFHVvdx = px).
Following Sraffa’s developments, since the end of  the 1970s an increasing 
number of  scholars have empirically estimated price of  production models, the 
study of  which had only been done theoretically before this period. Some of  
1 See Harcourt (1972) for an extensive account of  these and other aspects of  the so-called Cambridge 
Capital Controversies during the 1950s-1960s.
2 See Duménil and Foley (2008) for a brief  account on this debate.
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their work calculated prices of  production at the observed income distribution 
and studied the relation between these prices, direct prices and market prices. 
Other scholars have studied the effects that changes in income distribution 
KDYHRQWKHUHODWLRQEHWZHHQZDJHVDQGSURÀWVDQGRQVWDQGDUGSULFHVSULFHVRI 
production measured in terms of  the standard commodity, a composite com-
modity the value of  which does not change when income distribution changes). 
There are two important results from this broad literature that continues up to 
now. On the one hand, prices of  production, direct prices and market prices are 
considerably close to each other. On the other hand, standard prices and the 
ZDJHUDWHDUHVLPSOHQHDUO\OLQHDUIXQFWLRQVRI WKHSURÀWUDWH7KHVHUHVXOWV
constitute a puzzle for the implications derived from Sraffa’s work discussed 
above. As more countries and time periods are studied, more evidence piles up 
into these type of  results.
However, what has only been considered marginally in the literature is the 
explanation of  the empirical regularities in these estimations. What are the eco-
nomic forces that produce these regularities and what are their corresponding 
mathematical representations (or constraints) in price of  production models? 
7KHSRVVLELOLW\RI H[SHULHQFLQJVLJQLÀFDQWFXUYDWXUHVLQVWDQGDUGSULFHVDQG
WKHZDJHSURÀWIXQFWLRQVDQGKDYLQJFRQVLGHUDEOHGHYLDWLRQVEHWZHHQGLUHFW
prices and market and production prices, comes from the possible relationships 
between industries’ labor, output and means of  production (l, x, and A, the 
exogenous variables in [1] and [2]). Therefore, little attention has been paid to 
why actual economies allocate labor in such proportions and have such a means 
of  production commodity structure that produces direct prices, prices of  pro- 
duction, and market prices to be close to each other. By the same token, why 
do observed economies have labor and output proportions and an input com-
modities structure that generates nearly linear behavior in standard price and 
ZDJHSURÀWFXUYHVXQGHUK\SRWKHWLFDOFKDQJHVLQLQFRPHGLVWULEXWLRQ"7KHRGRUH
0DULROLVDQG/HIWHULV7VRXOÀGLV·Modern Classical Economics and Reality constitutes 
DQLPSRUWDQWHIIRUWWRVKHGOLJKWRQWRWKLVTXHVWLRQ
The book’s main objective is the systematic study of  prices of  production 
DQGWKHSURÀWUDWHLQOLQHDUSURGXFWLRQPRGHOV,WFRPSLOHVPRUHWKDQ\HDUV
of  careful, rigorous and innovative research done by the authors on what they 
call “modern classical theory of  value.” This long-period research project, and 
its compilation in the present book, includes extensive collaborative results with 
their master, doctoral and postdoctoral colleagues. This represents a contribution 
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not only in the generation of  new knowledge, but also in the formation of  a new 
generation of  scholars interested in these relevant topics in political economy.
Modern Classical Economics and Reality focuses on prices of  production and the 
SURÀWUDWHDQGWKHLUGHSHQGHQFHRQWKHWHFKQLTXHRI SURGXFWLRQWKHZDJHUDWH
and output proportions, constitutive elements of  what the authors refer to as 
the “core” of  the classical theory of  value. Of  particular interest is the study 
RI KRZUHODWLYHSULFHVDQGWKHSURÀWUDWHEHKDYHLQWKHIDFHRI K\SRWKHWLFDO
changes in income distribution. This task is based on a rich mathematical expo-
sition of  linear production models. There is a considerable effort to identify the 
algebraic structure of  the models and to untangle their properties. The authors 
study in depth price of  production models that only consider single commod-
LW\LQGXVWULHVDQGFLUFXODWLQJFDSLWDOOLNHHTXDWLRQV>@DQG>@+RZHYHUWKH\
DOVRDGGUHVVVHYHUDOYDULDQWVRI WKLVEDWWOHKRUVHPRGHOOLNHÀ[HGFDSLWDOMRLQW
SURGXFWLRQWKHTXDQWLW\V\VWHPHWF
The economic and mathematical material in the book is presented at an 
intermediate and advanced level and therefore assumes that the reader has a 
NQRZOHGJHRI SULFHRI SURGXFWLRQPRGHOVHTXLYDOHQWWR3DVLQHWWL·VRU
Vegara’s (1979) textbooks. For some topics, like the different representations 
RI WKHSULFHDQGTXDQWLW\V\VWHPIRU nFRPPRGLWLHV0DULROLVDQG7VRXOÀGLV·
book represents an alternative to Kurz and Salvadori’s (1995) advanced chapters.
However, Modern Classical Economics and Reality contains a set of  features not 
shared by the previously mentioned classic textbooks and other books on prices 
of  production. These characteristics arise from the series of  theoretical and 
HPSLULFDOFRQWULEXWLRQVWKDWWKHDXWKRUVKDYHSURGXFHG7ZRXQLTXHIHDWXUHVLQ
this book stand out and make it a mandatory reference for research on the topic.
First, empirical evidence plays a key role in the exposition. The book contains 
an extensive and systematic account of  the empirics of  prices of  production. 
It reviews the empirical work from the literature and reports the empirical con-
tributions for several countries and years done by the authors. Most of  the 
presented theoretical concepts have an empirical counterpart. In addition, the 
authors conduct an analysis on the different empirical results.
Second, and in accordance with the subtitle of  the book (A Spectral Analysis 
of  the Theory of  Value and Distribution0DULROLVDQG7VRXOÀGLVGHGLFDWHDJUHDWGHDO
of  research effort and book space to the theoretical and empirical study of  the 
spectrum of  the input matrix and the role it plays in linear production models. 
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The spectrum of  the input matrix and its use to make an alternative represen-
WDWLRQRI WKHOLQHDUSURGXFWLRQPRGHOVUHTXLUHVRPHOLQHVRI H[SODQDWLRQ
The spectrum of  matrix A is constituted by the set of  its different eigenvalues.3 
If  scalar O and row and column vectors z and q have a relationship with A 
as zA = Oz and Aq = Oq, then O is an eigenvalue of  A and z and q are the left 
and right eigenvectors of  A corresponding to eigenvalue O. If  we assume that 
matrix A is diagonalizable and for simplicity, that it has n distinct eigenvalues, 
then it has the following spectral decomposition:
A = ̎–1 [5]
where ̎ȱ= diag{O1,…,On}, matrix Q has as columns the right eigenvectors 
{qi}, and matrix Q–1 has as rows the left eigenvectors {zi}6XEVWLWXWLQJHTXD-
WLRQ>@LQWKHSULFHDQGZDJHSURÀWFXUYHV>@DQG>@WKH\FDQDOWHUQDWLYHO\
be represented as:
 
p v I Q zH
H
( ) * [ ]
*
,
r w r w
v
r
i
i
ii
n
= − =
−
− −
=∑Λ 1 1 1 1 λ [6]
w r r
v x
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i i
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( ) / * [ ] * * *
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1 1
1
1
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[7]
where v* = vQ and x* = Q–1x are the representations of  the total labor and 
gross output vector in the coordinate space formed by the linearly independent 
eigenvectors {qi} and {zi}, matrix ̎H = ̎(I – ̎)–1 = diag{OH,1,…,OH,n}, and 
OH,i = Oi(1 – Oi)–1.
The authors conduct an exhaustive analysis of  the estimated price and wage- 
SURÀWFXUYHVDQGFRQFOXGHWKDWREVHUYHG´VLQJOHSURGXFWHFRQRPLHVµOLNH>@
DQG>@KDYHORZ´HIIHFWLYHGLPHQVLRQVµ0RUHVSHFLÀFDOO\WKH\DUJXHWKDWWKH
observed shapes of  these nun systems could be well approximated by lower 
dimension models: 2uIRUSULFHSURÀWFXUYHV>@DQGuIRUWKHZDJHSURÀW
curve [4]. The main point that the authors wish to highlight is that the “low 
3 6HH0H\HUFKDSWHUIRUDQH[SRVLWLRQRI WKHVSHFWUXPRI VTXDUHGPDWULFHV
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dimension” of  the estimated price of  production systems is connected to the 
observed low “effective ranks” of  the input matrix H, i.e. a small number of  ob-
served eigenvalues OH,i with considerable magnitude and the rest of  them clustered 
DURXQG]HUR$VSULFHDQGZDJHFXUYHV>@DQG>@FDQHTXLYDOHQWO\EHH[SUHVVHG
in terms of  the eigenvalues OH,i and the v x* *,^ `ii FRHIÀFLHQWVDVLQH[SUHVVLRQV>@
DQG>@0DULROLVDQG7VRXOÀGLVDUJXHWKDWWKHEHKDYLRURI REVHUYHGHLJHQYDOXHV
OH,i is mainly responsible for the possibility of  compressing the information of  
WKHFRPSOHWHV\VWHPLQWRDORZHUGLPHQVLRQDORQHZLWKRXWDQ\VLJQLÀFDQWORVV
in economic information. However, they argue that reducing the nun system to 
a 1u1 commodity, as is implicitly assumed by neoclassical production functions, 
will misrepresent the characteristics of  “single-product economies”.
The book is comprised of  six chapters. Chapter 1 describes how relative 
SULFHVWKHUDWHRI SURÀWDQGWKHYDOXHRI FDSLWDOUHVSRQGWRFKDQJHVLQLQ-
come distribution according to the classical political economists, neoclassicals, 
Dmitriev, and Sraffa. The authors conclude that results from modern classical 
WKRXJKW'PLWULHYDQG6UDIIDSRVHFRQFHSWXDODQGDQDO\WLFDOGLIÀFXOWLHVWRWKH
economic propositions or hypotheses from “traditional theories” (classical, neo-
classicals, and Marxian). In the second half  of  the chapter, the authors present 
what they call the “state variable representation” of  a class of  linear dynamic 
systems and advocate for its adoption to study linear price of  production models 
on the grounds that the former represents the essential dynamic and stationary 
properties of  the latter. 
&KDSWHUIRFXVHVRQWKHSURSHUWLHVRI SULFHVRI SURGXFWLRQDQGWKHSURÀW
UDWHLQV\VWHPVOLNHHTXDWLRQV>@DQG>@,WLVLPSRUWDQWWRPHQWLRQWKDWWKURXJK-
out the book, wages are sometimes part of  the capital advanced and sometimes 
WKH\DUHQRW+RZHYHUWKHUHLVQRFOHDUMXVWLÀFDWLRQIRUWKLVEDFNDQGIRUWK
treatment of  wages nor a discussion of  the economic implications of  this. This 
FKDSWHUSUHVHQWVHTXDWLRQ·V>@JHQHUDOFKDUDFWHULVWLFVDQGDOVRSDUWLFXODUFDVHV
representing hypotheses from different schools of  thought. In spite of  this 
emphasis, the chapter also considers more general relative price models and the 
VWXG\RI WKHTXDQWLW\V\VWHPWKHVWXG\RI JURZWKDQGRXWSXWDOORFDWLRQ7KHUH
are two aspects that the authors wish to deepen: the existence of  upper and 
ORZHUERXQGVLQSULFHDQGZDJHSURÀWFXUYHVDVLQFRPHGLVWULEXWLRQFKDQJHV
and the effects of  changes in income distribution and total productivity shifts 
RQSULFHSURÀWFXUYHV7KHUHVXOWVIURPWKLVFKDSWHUDUHWKDWSULFHSURÀWFXUYHV
could have changes in their trajectory as income distribution changes and total 
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productivity shifts, which would pose potential problems to the hypotheses of  
“traditional theories”.
Chapter 3 provides estimations and evaluations from the models and propo-
sitions discussed in the previous chapters for a variety of  countries and years. 
However, it begins with a simple three industry example (constructed from actual 
data) which, together with the appendix of  the chapter, gives a useful introduc-
tion and guide to the realm of  empirical research on prices of  production. They 
ÀQGWKHIROORZLQJPDLQUHVXOWVZKLFKDUHFRQVLVWHQWIRUDOOFRXQWULHVDQG\HDUV
FRQVLGHUHGZLWKLQWKHPHDQLQJIXOSURÀWUDWHQRWWRRFORVHWRLWVH[WUHPHYDOXHV
1.  Direct prices, prices of  production, and market prices are close to each other.
2.  Price of  production-direct price deviations are proportional to the differences 
between industries’ capital intensities (the ratio of  the value of  means of  pro-
duction and labor) and economy’s average capital intensity.
 3ULFHSURÀWFXUYHVDUHPDLQO\GHWHUPLQHGE\WKHUHODWLYHFDSLWDOLQWHQVLWLHV
 3ULFHVRI SURGXFWLRQDUHLQJHQHUDOPRQRWRQLFIXQFWLRQVRI WKHSURÀWUDWHWKHLU
WUDMHFWRU\LVQRQLQFUHDVLQJRUQRQGHFUHDVLQJLQWKHFRQVLGHUHGUDQJHRI SURÀW
rate values.
 7KHZDJHSURÀWFXUYHVDUHQHDUO\OLQHDU
 3ULFHDQGZDJHSURÀWFXUYHVWHQGWREHKDYHDVDWKUHHDQGWZRLQGXVWU\V\VWHP
respectively.
Chapter 3 concludes also that direct price-price of  production deviations are 
robust across the different measures used to assess their distance. With this 
motivation, chapter 4 studies the properties of  different measures of  deviations. 
7KH\FRQFOXGHWKDWIRU´UHDOLVWLFµYDOXHVRI WKHSURÀWUDWHSULFHGHYLDWLRQV
tend to be small and that they follow certain rankings.
Chapter 5 deals with the theory and empirics of  the spectral analysis of  
SULFHRI SURGXFWLRQPRGHOVDV0DULROLVDQG7VRXOÀGLV·DWWHPSWWRDFFRXQWIRU
the empirical regularities in these models. The chapter starts by constructing the 
VSHFWUDOUHSUHVHQWDWLRQRI SULFHDQGZDJHSURÀWFXUYHV%DVHGRQDSDUWLFXODU
UHSUHVHQWDWLRQRI HTXDWLRQV>@DQG>@WKHDXWKRUVFRQFHQWUDWHWKHLUDWWHQWLRQRQ
the role that eigenvalues OH,i might play in explaining the empirical regularities 
E\FRQVLGHULQJWKHLPSOLFDWLRQVIRUSULFHDQGZDJHSURÀWFXUYHVRI GLIIHUHQW
HLJHQYDOXHVFRQÀJXUDWLRQV$IWHUWKLVWKHRUHWLFDOVHWXSWKHDXWKRUVFRQGXFWDQ
LQYHVWLJDWLRQRI HLJHQYDOXHVEHKDYLRUIURPREVHUYHGLQSXWFRHIÀFLHQWPDWULFHV
IRUGLIIHUHQWFRXQWULHVDQG\HDUV7KH\ÀQGWKDWRQO\WKHPRGXOXVRI WKHÀUVWV
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few eigenvalues have a considerable magnitude whereas the rest (the majority 
of  them) cluster around zero, providing support to the hypothesis that the two 
DQGWKUHHLQGXVWU\DSSUR[LPDWLRQWRSULFHDQGZDJHSURÀWFXUYHVUHVSHFWLYHO\
could be explained by the characteristics of  eigenvalues.
Chapter 6 places an important constraint on the inference that one might 
make from the previous chapter: that at the limit (nof), all eigenvalues, except 
IRUWKHPD[LPDORUÀUVWHLJHQYDOXHWHQGWR]HUR,WHYDOXDWHVWKHFRQMHFWXUH
PDGHE\%URG\WKDWDVWKHVL]HRI WKHLQSXWFRHIÀFLHQWPDWUL[LQFUHDV-
HVWKHUDWLRRI WKHPRGXOXVRI WKHVHFRQGWRWKHÀUVWHLJHQYDOXH_O2_/O1 tends 
WR]HUR1RWRQO\FDQWKH\QRWÀQGHYLGHQFHIRUWKLVFRQMHFWXUHEXWWKH\DOVR
report magnitudes that suggest that the opposite happens.
Throughout the six chapters, the authors not only review several of  the most 
important theoretical results and reproduce standard estimations and statistical 
exercises, but they also present original contributions to the theoretical and 
empirical debate on price of  production models. These contributions constitute 
the basis for their main results.
)LUVWWKHDXWKRUVFRQFOXGHWKDWSULFHDQGZDJHSURÀWFXUYHVEHKDYHTXDOLWD-
tively as price of  production models composed respectively of  only three and 
WZRLQGXVWULHVZLWKLQWKHHFRQRPLFDOO\PHDQLQJIXOSURÀWUDWH7KHUHIRUHWKHVH
strongly restricted systems or low-dimensional models can be used as “surrogates 
IRUDFWXDOVLQJOHSURGXFWHFRQRPLHVµ0DULROLVDQG7VRXOÀGLVS
Second, in an effort to identify the factors behind the empirical regularities in 
WKHVKDSHVRI WKHIXQFWLRQV0DULROLVDQG7VRXOÀGLVSURYLGHDUHSUHVHQWDWLRQRI 
SULFHDQGZDJHSURÀWFXUYHVLQWHUPVRI WKHVSHFWUXPRI WKHLQSXWFRHIÀFLHQW
matrix. The authors identify certain constraints on the eigenvalues under which 
these functions would display the observed shapes, namely small or negligible 
subdominant eigenvalues (eigenvalues others than the maximal one). This low 
´HIIHFWLYHUDQNµRI WKHLQSXWFRHIÀFLHQWPDWUL[FRQVWUDLQVWKHSRVVLEOHVKDSHV
RI SULFHDQGZDJHSURÀWFXUYHV
The contrast between the empirical shapes of  the functions and the analysis 
RI WKHLUVSHFWUDOUHSUHVHQWDWLRQVHWWKHJURXQGIRU0DULROLVDQG7VRXOÀGLV·WKLUG
main result: For all the countries, years and aggregation levels considered in 
their empirical research, the ranking plot and histogram of  eigenvalues’ mod-
uli has an exponential type of  decay. As a result of  this behavior, most of  the 
eigenvalues’ moduli cluster around zero and only a few of  them have a consid-
erable magnitude. This empirical regularity provides support to the hypothesis 
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WKDWDUHGXFHGUDQNLQWKHLQSXWFRHIÀFLHQWPDWUL[FRXOGH[SODLQWKHVKDSHVLQ
REVHUYHGSULFHDQGZDJHSURÀWFXUYHV
Finally, further analysis of  eigenvalues’ moduli provides evidence against the 
so-called Brody’s conjecture. Their eigenvalue calculations suggest the opposite: as 
the size of  the matrix increases, the modulus of  the second eigenvalue increases. 
Moreover, the moduli of  the third and fourth eigenvalue seem to increase with 
the matrix size as well. These results indicate that the exponential-type of  shape 
in the ranking plot of  eigenvalues moduli could be the result of  two forces, one 
affecting eigenvalues’ moduli rate of  decay and another maintaining a proportion 
of  eigenvalues with considerable magnitude.
,ZRXOGOLNHWRÀQLVKWKLVUHYLHZE\JLYLQJDJHQHUDOUHFDSLWXODWLRQDQGVRPH
general conclusions that can be derived from this important book. Modern 
Classical Economics and RealityDLPVWRVWXG\SULFHVRI SURGXFWLRQDQGWKHSURÀW
rate using the framework of  what the authors call the “core” of  the classical 
WKHRU\ RI  YDOXHȥZKLFK LQFOXGHV DPRQJRWKHU DVSHFWV H[RJHQRXVO\ JLYHQ
WHFKQLTXHVRI SURGXFWLRQ(l,A), the output proportions (x), and the wage rate 
(w)ȥ8QGHUWKHDVVXPSWLRQVJLYHQE\WKH´FRUHµLWLVH[SHFWHGWKDWSULFHVRI 
production constitute the center of  gravity around which market prices gravi-
tate. However, the algebraic structure of  the model allows for a wide range of  
SULFHDQGZDJHSURÀWFXUYHVZKLFKDUHYHU\GLIIHUHQWLQQDWXUH7KHRUHWLFDOO\LW
LVSRVVLEOHWRKDYHFRQVLGHUDEOHQRQOLQHDUEHKDYLRULQWKHZDJHSURÀWUHODWLRQ
prices of  production and the value of  aggregate commodities (e.g. capital or 
capital-output ratios) as income distribution changes. In addition, it is possible 
IRUSULFHVRI SURGXFWLRQQRWWRIROORZDVLPSOHUXOHGHULYHGIURPWKHTXDQWLW\
of  total labor time expended in their production. Relying on a lack of  a priori 
information on the structure of  the “core” (l, A, x), the authors remain open, 
noncommittal about the logical possibilities of  the model. Under these terms, 
one would expect that among the set of  all the admissible results, those sup-
porting the “traditional theories” would be very unlikely to be observed.
This is the benchmark adopted by the authors and under which they write 
WKHWKHRUHWLFDOVHWWLQJRI WKHÀUVWFKDSWHUVRI WKHERRN+RZHYHUDVVRRQDVWKH
empirical results are reported, be it by referring to the empirical literature or 
by presenting their own calculations, the overwhelming majority of  the results 
suggest that the propositions implied by the “traditional theories” are actually 
WKHUHJXODURXWFRPHV7KHDXWKRUVFRQFOXGHWKDWSULFHDQGZDJHSURÀWFXUYHV
“more often than not,” have the behavior associated with the propositions of  
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traditional theories. The existence of  this empirical paradox to the theoretical 
paradoxes posed on “traditional theories” leads me to the following remarks 
on the book.
The authors show an interest in identifying all the relevant mathematical 
properties associated with the linear production models used to study prices 
RI SURGXFWLRQDQGWKHSURÀWUDWH7KH\DOVRKDYHDQLQWHUHVWLQFRQWUDVWLQJWKHVH
properties with the properties derived from “traditional theories”. However, 
the contrast between the economic hypotheses (or propositions) and the em-
pirical evidence and its use to infer the economic forces that might be oper-
ating in modern capitalist economies plays a secondary role. In addition, the 
conclusions at which the authors arrive from this contrast (between empirical 
evidence and economic hypotheses) leave a somehow ambiguous feeling about 
its implications. Regarding the discussion of  the hypotheses from traditional and 
non-traditional theories, it is not clear what the implications of  the results are 
for both propositions based on the statements from the authors. For instance, 
GRHVWKHPRQRWRQLFLW\RI WKHHVWLPDWHGSULFHSURÀWFXUYHVVXSSRUWWKHSURS-
ositions from neoclassical or modern classical theory? On the one hand, the 
authors state that price monotonicity is an important condition for neoclassical 
propositions4 and, at the same time, that modern classical propositions imply 
that this price behavior is not guaranteed.52QWKHRWKHUKDQGWKHERRNÀQGVD
UHJXODUHPSLULFDOPRQRWRQLFEHKDYLRULQSULFHSURÀWFXUYHVDQGFRQFOXGHVWKDW
QHRFODVVLFDOSURSRVLWLRQVPLJKWQRWKROGDQGWKDW´ 6UDIÀDQDQDO\VLVµLVUHOHYDQW6
In their search for an explanation of  the observed regularities generated by 
HVWLPDWHG SULFH RI  SURGXFWLRQPRGHOV0DULROLV DQG7VRXOÀGLV ÀQG LQ WKH
behavior of  eigenvalues a promising new perspective. The derived spectral rep-
resentation of  the model shows that under strong constraints on eigenvalues’ 
behavior, the theoretical models could mimic the empirical patterns. These 
constraints could be summarized as few eigenvalues with considerable mag-
4 “[M]onotonicity of  price paths is a condition sine qua non for the consistency of  neoclassical theory” 
0DULROLVDQG7VRXOÀGLVSYL
5  ´>7@KHGLUHFWLRQRI UHODWLYHSULFHPRYHPHQWVFDQQRWEHNQRZQDSULRULµ0DULROLVDQG7VRXOÀGLV
2016, p. 7).
6  ´>1@HRFODVVLFDOSDUDEOHUHODWLRQV·GRQRWQHFHVVDULO\KROGµ0DULROLVDQG7VRXOÀGLVSYLLDQG
´>W@KHUHVXOWVRI WKLVH[SORUDWLRQLQGLFDWHQRWWKHLUUHOHYDQFHRI 6UDIÀDQDQDO\VLVEXWUDWKHUWKDW«
WKHUHLVURRPIRUXVLQJ«WKUHHLQGXVWU\PRGHOVDVVXUURJDWHVIRUDFWXDOVLQJOHSURGXFWV\VWHPVµ
0DULROLVDQG7VRXOÀGLVS
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QLWXGHDQGWKHUHVWFOXVWHUHGDURXQG]HUR2QWRSRI WKDW WKHDXWKRUVÀQG
overwhelming evidence for this type of  behavior for several countries, years 
and aggregation levels, giving support to their hypothesis. The union of  their 
WKHRUHWLFDO DQDO\VLV DQG WKHLU HPSLULFDOÀQGLQJV UHSUHVHQWV D VXFFHVVIXOÀUVW
step towards an explanation of  the empirical regularities in price of  production 
estimations. However, in order to solve the puzzle in terms posed by Mariolis 
DQG7VRXOÀGLVZHQRZQHHGWRH[SODLQZK\HLJHQYDOXHVKDYHWKLVEHKDYLRU
The literature7 has recently made substantial contributions to solving the puz-
]OHEXWQRZWKHÀHOGKDVPRYHGIURPWKHH[SODQDWLRQRI UHJXODULWLHVLQSULFH
DQGZDJHSURÀWFXUYHVWRWKHH[SODQDWLRQRI UHJXODULWLHVLQWKHGLVWULEXWLRQRI 
eigenvalues. We still need to explain why, if  there is no a priori constraint in 
the “core” about the behavior of  these curves and eigenvalues, we have these 
remarkable empirical regularities. What are the economic forces behind the ob-
served shapes of  the functions and the distribution of  eigenvalues, given the 
different admissible possibilities from the algebra of  the price of  production 
PRGHOV"7KHLGHQWLÀFDWLRQRI WKHVHHFRQRPLFIRUFHVVKRXOGFRQVWLWXWHLPSRUW-
ant information to be added to the “core” of  the modern classical theory of  
value in order to explain observed capitalist economies.
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